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The non-linear Plateau problem in non-positively curved manifolds 

1 - Introduction. 

In this paper we prove the existence of sohitions of the Plateau problem for hypersurfaces 
of prescribed curvature and prescribed boundary in manifolds of non-positive sectional 
curvature. The curvature notion used here - special Lagrangian curvature - was introduced 
by the author in [7] and constitutes a higher dimensional generalisation of two dimensional 
extrinsic curvature. Its interest is two-fold: firstly, it possesses strong regularity properties 
that translate into very simple geometric behaviour of limits of sequences of hypersurfaces 
of prescribed special Lagrangian curvature; and, secondly, in low dimensions, it reduces to 
certain well known notions of curvature. Explicitely, let M^'^^ be a Riemannian manifold 
and let A/"" be a locally strictly convex, smooth, immersed hypersurface in M. The special 
Lagrangian curvature, Rg{N), is a function of the second fundamental form of which 
depends on an angle parameter, 9 e [0,n7r/2[ (see Section 2 for more details). In low 
dimensions, we have: 

(i) when the ambient manifold is 3-dimensional, and thus when N is a surface: 

where is the extrinsic curvature of N; and 

(ii) when the ambient manifold is 4-dimensional: 

where H is the mean curvature of N. Moreover: 

R^/2 = {R"" -R^ + Ric^(N, N))i/2, 

where R^ and R^ are the scalar curvatures of N and M respectively, Ric^ is the Ricci 
curvature of M and N is the unit exterior normal vector over N. 

Any existence result for hypersurfaces of prescribed special Lagrangian curvature thus 
translates in particular into existence results for the three notions of curvature given above. 

Theorem 1.1 

Let M"^^^ be a complete (n-i-l)-dimensional Riemannian manifold of non-positive 
sectional curvature. Let </> : M -)-]0, oo[ be a strictly positive smooth function. Let 
6 e[{n- l)7r/2,n7r/2[ be an angle, and let {N'^,dN'^) be a compact locally convex 
immersed hypersurface in M such that, for all p e N: 

Re{N){p)^ci>{p), 

in the weak sense. If ^ > (n - l)7r/2, then there exists a compact, locally convex 
immersed hypersurface, {N'^.dNn) in M such that: 

(i) N has smooth interior and is C°'^ up to its boundary; 
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(ii) dN = ON and N is bounded by N; and 

(iii) for all p e N: 

ReiN)ip) ^ (Pip). 

In fact, {N,dN) is isotopic by locally convex immersions to {N,dN). 

\f = [n~ l)n/2, then the same result holds provided that, in addition, the shape 
operator of N is everywhere bounded below by eld in the weak sense, for some 

e > 0. 

Remark: See Sections 2 and 3 for terminology. 

Remark: This generalises Theorem 1.1 of [9] to more general manifolds and also to the 
case of submanifolds with boundary. 

Remark: When the ambient manifold is 3-dimensional, and when is thus a surface, 
Theorem 1.1 constitutes a generalisation of the existence part of Proposition 5.0.3 of [4], 
which itself constitutes the analytic core of that paper (see also [11]). 

Remark: When the ambient manifold is 4-dimensional, although this result proves existence 
of hypersurfaces for the case where -R^ = {Ke/H)^/"^ is prescribed, it says nothing about 
the case of R.^/2- However, when M is hyperbolic, we can canonically associate to it a 
de-Sitter manifold, M', which is dual to M in a certain sense. This duality has the effect of 
interchanging R^ and Rt^/2- Moreover, since R^ and Ric^ are constant in this case, this 
yields an existence result for 3-dimensional hypersurfaces of prescribed scalar curvature 
and prescribed boundary in 4-dimensional de-sitter Manifolds (see also [1]). 

Remark: In general, the Plateau problem is stated as follows: given a Riemannian manifold, 
M, and a finite family Fi, r„ of smooth, codimension 2 submanifolds in M, when does 
there exists an immersed hypersurface iV C M of constant curvature spanning Fi U ... U F^, 
i.e. such that: 

ON = TiU...UTn'^ 

This result therefore reduces the Plateau problem for prescribed special Lagrangian cur- 
vature to the weaker problem of determining when there exists a locally convex immersed 
hypersurface of M spanning FiU...UF^. This problem is addressed, for example, by 
Alexander, Ghomi and Wong in [2] and Rosenberg in [6]. 

The proof of this result uses the Perron method, first applied to the study of hypersurfaces 
in two independent and simultaneous papers by Gaun and Spruck, [3], and Trudinger 
and Wang, [12], where they prove the existence of hypersurfaces of constant extrinsic 
curvature and prescribed boundary in ]R"+^. The main new ingredients used here involve 
various recent results by the author - [7], [9], [10] and [11] - of which the most significant 
are the regularity properties for special Lagrangian curvature (see [7]), and a regularity 
result near the boundary for locally convex immersions in Riemannian manifolds (see [11]). 
These results are here combined around the following compactness result for locally strictly 
convex immersions in Riemannian manifolds, which generalises the Main Lemma of [12] 
and is of independant interest: 
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Lemma 6.1 

Let M"+^ be an (n + l)-dinnensional Riemannian manifold. Choose e > and let 
(E„,5E„)neN be a sequence of compact, locally convex immersed hypersurfaces 
such that: 

(i) Tn := d'En is C~; and 

(ii) the shape operator of S„ is greater than eld in the weak sense. 

Let To be a smooth, compact, codimension 2 submanifold of M and suppose that 
(r^)^eN converges to To in the C°° sense. If there exists a compact subset K c M 
and a real number B > such that, for all n: 

E„ C K, Vol(S„) ^ B, 

then there exists a C°'^ locally convex immersed hypersurface Eq in M such that: 

(i) To = dEo; 

(ii) the shape operator of So is greater than eld in the weak sense; and 

(iii) (E„)^eN subconverges to Sq. 

This paper is structured as follows: Sections 2 and 3 contain definitions and notation; 
Sections 4, 5 and 6 are devoted to the proof of Lemma 6.1; Section 7 provides a slight 
generalisation of the solution to the Dirichlet problem studied in [9], which forms the 
analytic core of the Perron Method in this paper; and in Section 8 we prove Theorem 1.1. 

The author would like to thank the Instito Nacional de Matematica Pura c Aplicada in 
Rio de Janeiro, Brazil for providing the conditions required to complete this paper. 

2 - Immersed Submanifolds and Special Lagrangian Cur- 
vature. 

Let M""'"^ be an {n + l)-dimensional Riemannian manifold. An immersed submanifold 
is a pair E = {S, i) where 5" is a smooth manifold and i : — )■ M is a smooth immersion. An 
immersed hypersurface is an immersed submanifold of codimension 1. We say that an 
immersed hypersurface is locally (strictly) convex if and only if its shape operator is every- 
where positive definite. The special Lagrangian curvature, which is only defined for locally 
strictly convex immersed hypersurfaces, is defined as follows (see [7] for details): denote 
by Symm(R'^) the space of symmetric matrices over W^. We define $ : Symm(M"') C* 
by: 

$(^) = Det(/ + a). 

Since $ never vanishes and Symm(M'^) is simply connected, there exists a unique analytic 
function $ : Symm(R") C such that: 

#(/) = 0, e*^^^ = ^A) yA e Symm(R"). 
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We define the function arctan : Symm(R"') — >■ (— n7r/2, n7r/2) by: 

arctan(A) = Im($(A)). 

This function is triviaUy invariant under the action of 0{W^). Moreover, if Ai,..., An are 
the eigenvalues of A, then: 

n 

arctan(yl) = ^arctan(Aj). 

i=l 

For r > 0, we define: 

SLr{A) = arctan(r"^A). 

If A is positive definite, then SL^ is a strictly decreasing function of r. Moreover, SL^o = 
and SLq = mr /2. Thus, for all 9 e]0, n7r/2[, there exists a unique r > such that: 

SLr{A) = e. 

We define ReiA) = r. Rq is also invariant under the action of 0{n) on the space of positive 
definite, symmetric matrices. 

Let M""*"^ be an oriented Riemannian manifold of dimension n + 1. Let S = {S,i) be a 
locally strictly convex, immersed hypersurface in M. For 9 e]0,n7r/2[, we define ReiJ^) 
(the ^-special Lagrangian curvature of S) by: 

Re(T.) = Re{A^), 

where Ay, is the shape operator of S. 

3 - Locally Convex Hypersurfaces. 

Let M^~^^ be a Riemannian manifold. A locally convex hypersurface in M is a pair 
S = (i, 5") where S is an n- dimensional topological manifold and i : S M is a, continuous 
map such that, for all p E S, there exists a neighbourhood, U, of p in 5, a convex subset 
K C. M with non-trivial interior, and an open subset V C dK such that i restricts to a 
homeomorphism from U to V. We refer to such a triplet {U, V, K) as a convex chart of 
E. Pulling back the metric on M through i yields a natural length metric on E which we 
denote by d-£. Let (En)n6N = {in, Sn)nef^ ^ind 5*0 = {io, Sq) be convex immersions. We say 
that (En)neN converges to Eq if and only if: 

(i) (-Sn, (iE„)n6N couvcrgcs to (5'o,(iEo) in the Gromov-Hausdorff sense; and 

(ii) (zn)neN converges to zq locally uniformly. 

Let E = (z, S) and E' = (z', 5") be two locally convex hypersurfaces in M. We say that E 
and E' are equivalent if and only if there exists a homeomorphism (f) : S ^ S' such that: 

i = i' o (f). 
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Example: Let K C M he a convex subset with non trivial interior. Then any open subset 
of dK is a locally convex hypersurface. □ 

Example: Let E be a (smooth) hypersurface on M. S is a locally convex hypersurface if 
and only if its second fundamental form is everywhere non-negative definite. □ 

For e > 0, we say that the second fundamental form of S = (i, S) is bounded below by 
eld in the weak sense if and only if, for every p & S, and for every supporting normal, 
Np of S at p, there exists a smooth, embedded hypersurface S' such that: 

(i) E' passes through p; 

(ii) the normal to E' at p is N^,; 

(iii) the shape operator of S' at p is equal to eld; and 

(iii) there exists a neighbourhood U oi p m S such that i{U) lies entirely to one side of S'. 

Observe that this definition is stronger than the usual weak notion of curvature bounds 
(in the Alexandrov, or viscosity, sense), since the latter does not assume the existence of 
bounding hypersurfaces normal to arbitrary directions at arbitrary points. 

We may define the notion of weak lower (and upper) bounds for the special Lagrangian 
curvature in an analogous way. 

Suppose now that M is a Hadamard manifold. Let K C M he a convex set with non-trivial 
interior. Let K° he the interior of K. We define ttk '■ M \ K° — > dK to be projection onto 
the closest point in dK. Let V C dK. We call the set n]^^{V) the end of V, and we denote 
it by S{V). Trivially, S{V) is foliated by half geodesies leaving points in V in directions 
normal to K. Let E be a locally convex hypersurface. Let {U, V, K) and ([/', , K') he 
convex charts of E. Trivially: 

TT^^{i{UnU')) = TTKXKU^U')). 

We thus define the end of E to be the manifold (with non-smooth, concave boundary) 
whose coordinate charts are the ends of the convex charts of E. We denote this manifold 
by ^^(E). ^^(E) has the following properties: 

(i) E naturally embeds as the boundary of ^^(E); 

(ii) in the complement of E, 8(Ti) has the structure of a smooth Riemannian manifold of 
non-positive curvature; 

(iii) £'(S) is foliated by half geodesies leaving points in E in directions normal to E; and 

(iv) there exists a natural embedding / : £{Tj) — )■ M which restricts to i over E and which 
is a local diffeomorphism over the complement of E. 

We say that a subset K C £(Tj) is semi-convex if and only if for every geodesic segment 
7 : [0, 1] ^(S) contained within i^(E), if 7(0), 7(1) G then the whole of 7 is contained 
in K. Let K he a semi-convex subset of the end of E which contains E and coincides with 
E outside a convex set. {dK.,I\QK) defines a convex immersion in M which, by abuse of 
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notation, we simply denote by dK (see Section 3 of [11] for details). Let E and S' be two 
locally convex hypersurfaces in M. We say that S is bounded by E' (and E' bounds E) 
if and only if there exists a semi-convex subset, K C £^(E), which contains E and which 
coincides with E outside a compact set such that E' is equivalent to dK. In this case, we 
often identify E' with dK and thus view it as a subset of £^(E). 

Example: Let K, K' <0 M be two convex sets. Then dK is bounded by dK' if and only if 
K CK'.n 

The property of boundedness is preserved by passage to limits. Indeed, if (E, 9E) is a 
locally convex immersion with boundary, then, for all r > 0, we define Br{dT) to be the 
set of all points in E whose intrinsic distance to 5E is less than r. We obtain: 

Lemma 3.1 

Let (E„)^eN,Eo and (E^)„eN, be compact, convex immersed hypersurfaces in 
M such that (E„)^gN and (E^)^^^ converge to Eq and E^, respectively. Suppose 
that: 

(i) for all n > 0, E^ bounds E„; and 

(ii) there exists r > such that, for all n e N: 

S,(aE,) = Br{dT.'^). 

Then Eq also bounds Eq. 
Proof: See Lemma 3.2 of [11]. □ 

4 - Strictly Convex Hypersurfaces of Euclidean Space. 

Let -Bi(O) be the ball of radius 1 about the origin in R"+^, where n ^ 2. Choose e > 0. 
Let (E"^,5E"') be a compact, locally convex hypersurface with boundary in and 
suppose that the shape operator of E is bounded below by eld in the weak sense. Suppose, 
moreover, that E passes through 0. Let if be a supporting hyperplane to E at 0. Let du be 
the signed distance to H in 1^"^+^ such that du is non-positive over E in a neighbourhood 
of 0. Let {Ht)t^^ be the foliation of W^'^^ by hyperplanes parallel to H. For all t < 0, let 
E^ be the connected component of E lying above Hf and containing 0. 

Proposition 4.1 

Choose t < 0. Suppose that, for all s e]t,0[, E^ does not intersect either 9E or 
5Si(0). Then E^ is embedded, and (together with Ht), Et bounds a convex set. 

Proof: We prove this by the method of moving planes, as in [12]. In our case, strict 
convexity allows us to greatly simplify the argument, which we therefore include for the 
sake of clarity. 

We define T C]t, 0[ such that s e T if and only if Eg is embedded, and (together with 
Hs) bounds a convex set. For all s, we denote the convex set bounded by Eg and Hg by 
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Kg. Since S is strictly convex, all sufficiently small s are elements of T, and T is therefore 
non-empty. Let to be the infimum of T. The result follows from the fact that all supporting 
hyperplanes to E along Ht^ are transverse to i^t^, since, in this case, if t Ktg, then 

E^g does not intersect either 9E or dBi{0), and T may therefore be extended beyond to, 
which is absurd. 

To prove the assertion, we assume the contrary. Thus, choose p G Et^ and suppose that 
the supporting hyperplane to E^q at p is tangent to Ht^ . Let Vp be the unit normal vector 
to HtQ at p which points outwards from Kt^. Vp = iVrf^. If = Vdn, then, since Kt^ is 
convex, it is contained within d'Jj^Q — oo,to[), and therefore so is e E^g, which is absurd. 

Suppose now that Vp = —Vdn- Let {S^,dS^) be a compact n-dimensional topological 
manifold with boundary and i : S ^ W^~^^ a locally convex immersion such that E = (S, i). 
Let P G 5" be the inverse image of in 5" and, for all t & T, let St be the connected 
component of {dn o ^)~''^(]^o, +oo[) containing P. i restricts to a covering map from St^ 
to dKfo \ HtQ. The latter is however homeomorphic to a sphere with a point removed 
(i.e. a solid ball). Since this is simply connected, i defines a homeomorphism from St^ to 

Let Q G dSt^ be such that i{Q) = p. Let Uq C 5 be a connected neighbourhood of Q such 
that the restriction of i to Uq is a homeomorphism onto an open subset of the boundary of 
a strictly convex set. Since Vp = —Vdn is the outward pointing supporting normal to E at 
Q, by reducing Uq if necessary, we may assume that, throughout Uq \ {Q}, {dn oi) > to- 
Since S has dimension at least 2, Uq \ {Q} is connected, and therefore, by definition of St- 

U\{Q} CSt 
i{UQ\{Q}) QdKt, 
^ i{UQ) CdKt,. 

By conservation of the domain, i{UQ) is an open subset of dKt^,. Kt,^ is therefore strictly 
convex at p, and thus only meets Ht^^ at that point. Thus, by continuity, i sends every point 
of dSt^ to p. Let Q' be another point in dSt^. Let Uq' C 5 be a connected neighbourhood 
of Q' such that the restriction of i to Uq' is a homeomorphism onto an open subset of the 
boundary of a strictly convex set. Suppose, moreover, that: 

Uq n Uq> = 0. 

Then, since p G i{UQ) r\i{UQ>): 

i{UQ\{Q})ni{UQ>\{Q'})^t 

However, the restriction of i to St^ is a homeomorphism, and it thus follows that dSto 
consists of only a single point, and S is homeomorphic to dRt^, and is thus a topological 
sphere. In particular, dS is trivial, which is absurd, and the claim follows. □ 

Let 7 :] — T, T[— > ]R"'+^ be a unit speed curve whose geodesic curvature is bounded above 
by e/(2 + e). Suppose, moreover, that: 
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(i) 7 is contained within -Bi(O); 

(ii) 7 lies in the exterior of K-^^ ; and 

(iii) for all te]-T, T[, {dn o j){t) > to. 
Proposition 4.2 

If dK is the distance to Kt^ in M'^+\ then {dK + 2/e)^ restricts to a convex function 
over 7. 

Proof: Choose t g] — T, T[. Let P G dRt^ be the closest point in Kt^ to ^{t). Since 7 lies 
above Ht^^, P G Tjto- Let Vp be the outward pointing unit normal to Kt^ at P which is 
tangent to 7. We claim that the shape operator of S with respect to Vp is at least (e/2)Id 
in the weak sense. Indeed, if Vp is a supporting normal to E, then the assertion follows by 
definition of E. Suppose, therefore, that Vp is not a supporting normal to E. In particular, 
P G dT^to ='■ r, and Vp points upwards from HtQ. Denote Vi = —Vdu, and let V2 be the 
unit supporting normal to E lying in the plane spanned by Vi and Vp. Vi and V2 define 
an obtuse, isosceles triangle whose angle at p is 26, say. Since Vp points upwards from 
ifty , the angle that Vp makes with Vi and V2 respectively is 9 -\- (p and 9 — (f, for some 
< (p < 9. If Ai and A2 are the shape operators of F with respect to the normals Vi and 
V2 respectively, then: 

Ai = 0, A2 ^ eld, 
in the weak sense. Thus, if Ap is the shape operator of F with respect to P, then: 



in the weak sense. We may thus extend F near P to a convex hypersurface, Ep such that: 

(i) Ep lies outside Kt^; 

(ii) Ep meets Kt^ at P; 

(iii) Vp is the outward pointing unit normal to Ep at P; and 

(iv) the shape operator of Ep at P is bounded below by (e/2)Id in the weak sense. 

The claim now follows. Define r = (2/e). Let Q G M"+^ be the unique point such that if 
dq is the distance in W^'^^ to Q, then: 

(i) dqiP) = r; and 





dp{Vdp,Vdfydtl) 



e 



1 



2 + e 



1 + r 
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The result follows. □ 
Proposition 4.3 

There exists to < 0, which only depends on e, such that if, for all s e]to,0[, does 
not intersect dT,, then bounds a convex set Kto (along with Hto) and Kto is 
strictly contained within -Bi(O). 

Proof: Without loss of generality, we may suppose that e ^ 1. Let S be the sphere of 

radius (4/e) which is tangent to E at and locally contains E in its interior. For all t < 0, 
let St be the connected component of S lying above Hf containing 0. Let to be such that 
St is strictly contained inside -Bi(O). 

Let T be the set of all t < such that, for all s > t, E^ docs not intersect either 9E or 
dBi[0). Since E is strictly convex, for all t small, t & T, and t is therefore non-empty. Let 
ti be the infimum of T and suppose that ti > to. By Proposition 4.1, S^^ bounds a convex 
set K :— Kt^ (along with By the hypothesis on E, E^^ does not intersect 9E, and 

thus Et^ intersects non-trivially with 9Si(0), since otherwise t\ would not be the infimum 
of T. 

Let 7 : R — 7> 5" be a geodesic in S such that 7(0) = 0. Let Si be such that the connected 
component of 7~^(S'tJ containing coincides with ] — si, If d is the distance in 1^"^+^ 
to K, then d o 7 achieves a local minimum at 0. Moreover, the geodesic curvature of 7, 
viewed as a curve in R"'+-'^, is equal to e/4 < e/(e + 2). Thus, by Proposition 4.2, the 
restriction of (i o 7 to ] — si, si[ is convex, and it follows that (i o 7 is strictly positive over 
] — Si, {0}. In particular, 7(] — Si, lies outside K. Since 7 is arbitrary, the whole 
of St^ lies outside K and K is therefore contained within the convex set bounded by St^ 
and Ht^. In particular, K does not intersect 55i(0), which is absurd, and this completes 
the proof. □ 

Proposition 4.4 

For all / e [0,1], there exists r > which only depends on / and e such that, if 
K c R'^+i is a convex subset such that: 

(i) the shape operator of dK is everywhere no less than eld in the weak sense; 
and 

(ii) K contains a geodesic segment of length 21, 
then K contains a ball of radius r. 

Proof: Let 7 : [— ^ K be a geodesic segment. Let ri = 4/e. Let r] : [—s,s] M"'+-'- 
be a circular arc of radius at least ri and of angle no more than tt such that: 

v{-s) = l{-l), 77(5) =7(0- 

Every point in r] lies at a distance no greater than 1 from 7, and thus also from K. It 
follows by Proposition 4.2 that 77 lies entirely within K. Thus, if C is the locus of 

all points traced out by such arcs, then: 

ncK. 
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However, if r > is such that: 

{n-rf + l^ = rl 

Then: 

Briim c n. 

The result follows. □ 

5 - Strictly Convex Hypersurfaces of General Manifolds. 

Let M^~^^ be an (n + l)-dimensional Riemannian manifold. Let C M be a compact 
subset. Choose e > 0, and let (S, 9S) be a compact, locally convex immersed hypersurface 
in M such that: 

(i) S is contained in K; 

(ii) r := is smooth; and 

(iii) the shape operator of E is everywhere greater than eld in the weak sense. 
Lemma 5.1 

There exists ri > r2 > (which only depend on e, M, K and r) such that, for all 

p e S: 

(i) the connected component of T:f^Br^{p) containing p is embedded and lies on 
the boundary of a convex set; and 

(ii) moreover, this convex set contains an open ball of radius r2. 

Choose e > and let (S',5E') be a smooth, strictly convex, immersed hypersurface in 
M"+i such that: 

(i) the shape operator of S' is greater than e in the weak sense; and 

(ii) dH' consists of two connected components, which we denote by dT,'^ and dll'2 respec- 
tively. 

If dY^'i = r, then we refer to (S', dT,') as a thickening of F. Let N be the outward pointing 
unit normal vector field over S'. Choose P G Let A/p denote the circle of unit vectors 
normal to at P. For any vector, V in A/p, let Hy be the (oriented) hyperplane in 
TpM normal to V at P. We identify Hy with its image under the exponential map of M, 
and we define to be the connected component of E' lying above Hy and containing P. 
We have the following elementary result: 

Proposition 5.2 

(i) There exists 6'e' > 0, which only depends on E', such that, if the angle between 
F and N(P) is less than 6^,', then E'^ does not intersect dH'^; and 

(ii) there exists /ie' > 0, which also only depends on E' such that, if V makes an 
angle of at least with N(P), then the furthest point in Ey from Hy lies at a 
distance no less than Hy,' from Hy. 
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Proof: If V coincides with N(P), then = {P}. The first assertion foUows by continuity 
and compactness of d'E2- The second assertion now foUows by compactness of dT,^, and 
this completes the proof. □ 

Proof of Lemma 5.1: Let be a thickening of T such that: 

(i) S is homeomorphic to F x [0, 1]; 

(ii) if TT : 5 — )■ [0, 1] is the canonical projection, then 7r~^({0}) coincides with F; 

(iii) the shape operator of S is bounded below by e/2; and 

(iv) 5" U E is a locally convex immersed hypersurface. 

S may be chosen independant of S (despite condition (iv)). Indeed, if S is chosen such 
that: 

(i) its outward pointing normal along F points in the same direction as that of S; and 

(ii) the lowest eigenvalue of the shape operator of S along F is always in [e/4, e/2], 
then S satisfies condition (iv) (see Section 4 of [11] for details). 

Let g be the Riemannian metric over M. For q e M, identify TgM with R"+^, and let 
Expg : R"^"'"^ — )■ M be the exponential map. Let V° be the Euclidean covariant derivative 
over M""'"^, let V"^ be the pull-back through Exp^ of the Levi-Civita covariant derivative of 
g, and let O"^ = — V° be the connexion 2-form of with respect to V'^. There exists 
ri > 0, which only depends on K such that, for all q G K, < e/4 over the ball of 

radius ri about q. If we replace g with r^^g, then the shape operator of ^ U S is bounded 
below by (eri)/2 in the weak sense, and \\0,'^\\ < (eri)/4 over the ball of radius 1 about q, 
for all q e K. 

Denote ei = (eri)/4. Choose p G S, and let (E, 9S) be the connected component of S'U S 
lying in Bi{p) containing p. We identify (E, 9S) with its pull back through Exp^ in M'^+-'^, 

and observe that the shape operator of S with respect to the rescaled Euclidean metric 
over M"'^^ is everywhere bounded below by ei in the weak sense. 

Let if be a supporting hyperplane to E at p. Let d be the (signed) distance in R'^+^ to H 
such that, near p, d is non-positive over S. For all t G R, let Ht be the hyperplane parallel 
to H lying at distance t from H. For alH < 0, let Et be the connected component of S 
lying above Hf and containing p. Let < be as in Proposition 4.3. Let Og and hs be 
as in Proposition 5.2, now chosen such that the proposition remains valid with respect to 
the rescaled Euclidean metric over R'^+^ (as opposed to g). Suppose that |to| < hs- 

Let T be the set of all t G]to7 0[ such that for all s G]t, 0[, does not intersect either 9E 
or dBi{Q). For all t sufficiently close to 0, t G T. In particular, T is non-empty. Let ti be 
the infimum of T. By Proposition 4.1, E^^ (along with Ht^) bounds a convex set, K, say. 

Suppose now that ti > to- By Proposition 4.1, since ti is the infimum of T, E^^ meets 
either dTi or dBi{p), since, otherwise, it could be extended further. By Proposition 4.3, E^^ 
does not intersect dBi{0). It follows that S^^ intersects ^E^^ at some point, Q, say. Hf^ 
is tangent to ^S^^ at Q. Since E^^ intersects non-trivially with 5E, it follows by assertion 
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(i) of Proposition 5.2 that Hf^ makes an angle of at least 9s with the outward pointing 
normal to Hs at Q. Since the connected component of 5" lying above Hf^ is contained in 
St^, it follows by assertion (ii) of Proposition 5.2 that the supremum of the distance to 
HtQ over E^^ is at least hs- However, by convexity, lies below Hq, and so: 

hs < \ti\ < \to\ < hs. 

This is absurd, and it follows that ti — to. Assertion (i) now follows for ri < |to|- Assertion 
(a) follows by Proposition 4.4, since fl dBr^ (p) ^ 0. This completes the proof. □ 

6 - Compactness. 

Let M"^"'"^ be an (n + l)-dimensional Riemannian manifold. Choose e > and let 
(En, d'En)ne'^ be a sequence of compact, locally convex immersed hypersurfaces in M 
such that, for all n: 

(i) r„ := is and 

(ii) the shape operator of S„ is greater than eld in the weak sense. 

Let Fq be a smooth, compact, codimension 2 immersed submanifold of M and suppose 
that (r„)n6N converges to Fq in the C°° sense. In other words, for sufficiently large n, F^ 
is a normal graph over Fq and the (unique) function of which F„ is a graph tends to in 
the C°° sense. 

For all n, let Vol(E^) be the volume of S^j with respect to the intrinsic measure. 
Lemma 6.1 

Suppose that there exists a compact subset K c M and a real number B > such 
that, for all n e N: 

S„ C Vol(E„) ^ B. 

Then there exists a locally convex immersed hypersurface Eq in M such that: 

(i) Fo = aso; 

(ii) the shape operator of Eq is greater than eld in the weak sense; and 

(iii) (En)neN subconverges to Eq. 

Proof: For all n, let E^ be a thickening of r„ such that: 

(i) E^ is homeomorphic to F„ x [0, 1]; 

(ii) if '■ '^n ^ [0, 1] is the canonical projection, then tt ^({0}) coincides with F„; 

(iii) the shape operator of E^ is bounded below by e/2; and 

(iv) S„ := E^ U E„ is a locally convex immersed hypersurface. 

Suppose, moreover, that (E^)^^^ converges to Eq in the C°° sense. As in the proof of 
Lemma 5.1, the (E^)^^^ may be chosen independant of (E„)„gN (despite condition (iv)). 
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For all n, let Sn C Sn be abstract manifolds and in Sn ^ M he a locally convex 
immersion such that: 

For all n, wc furnish Sn with the metric and the measure induced by in- For all n, for all 
p & Sn and for all e > 0, let Bn,e{p) be the intrinsic ball of radius e about p in S^. 

Let ri > r2 > be as in Lemma 5.1. Choose e e]0,ri[. For all n, let Pn he a point in S^. 
By Lemma 5.1, for all n, there exists a convex set Kn C M such that: 

(i) Kn contains an open ball of radius r2', and 

(ii) the restriction of in to Bn,ri (Pn) is a homeomorphism onto the open ball of radius ri 
about in{Pn) in dKn- 

By compactness of the family of compact, convex sets, there exists a compact, convex set 
Kq towards which {Kn)nen subconverges. Moreover, by (z), Kq contains an open ball of 
radius r2, and therefore has non-trivial interior. in{Bn,e{Pn)) subconverges to an open ball 
of radius e about some point in dK^. In particular (Vol(i?n,e(Pn)))neN tends towards the 
volume of this ball, which is non-zero. Since {j>n)nen was arbitrary, it follows that, for all 
e > 0, there exists such that, for all n and for all p e Sn'- 

Yol{Bn,e{p)) > V,- 

By increasing B if necessary, we may suppose that, for all n, Vol(S'n) ^ B. Thus, if 
^ B /v^i then, for all n, the maximum number of disjoint balls in Sn of radius e with 
centres in Sn is at most N^. Thus, the minimum number of balls in Sn of radius 2e required 
to cover Sn is at most A^^. It follows by the fundamental compactness theorem of metric 
spaces that there exists a metric space towards which {Sn)n€n subconverges in the 
Gromov/Hausdorff sense (see [5]). 

Choose p G 5*0. For all n, let pn be a point in Sn and suppose that (pn)neN converges 
to po- Constructing (i^n)neN and Kq as before, we obtain an isometry, io, from i?o,e(po) 
to a ball of radius e about a point in BKq. Moreover, the sequence of restrictions of 
(^n)nGN to the balls of radius e about the (pn)neN converges locally uniformly to zq. Using 
a diagonal argument, we obtain a C°'^ mapping io from the whole of into M which is 
a locally convex immersion. Sq = ('S'o,zo) is the desired hypersurface, and this completes 
the proof. □ 

7 - The Dirichlet Problem. 

Let M'^^^ be an {n + l)-dimensional Riemannian manifold of non-positive curvature. 
Choose 6 E [{n — l)7r/2, ?i7r/2[. Let if C M be a smooth, locally convex hypersurface. 
Let n C if be a bounded, open subset of H. Let E C M be a convex hypersurface such 
that = dO, =•- F. Let : M ^]0, oo[ be a smooth, positive function such that, for all 
peH: 

Re{H){p)<cf>{p), 



13 



The non-linear Plateau problem in non-positively curved manifolds 
and, for all p e S: 

Re{t)ip)>cf>{p), 

in the weak sense. 

Theorem 3.22 of [9] may be adapted to yield: 
Proposition 7.1 

Suppose that E is a graph over Q and that r is strictly convex as a subset of M 
with respect to the outward pointing normal to r in S. If 6' > (n - l)7r/2, then 
there exists an immersed hypersurface S c M such that: 

(i) E is C° and C°° in its interior; 

(ii) as = r; 

(iii) s is a graph over Q lying below S; and 

(iv) for all peE, Ro{J:){p) = cp{p). 

Moreover, the same result holds for 6' = (n- l)7r/2 provided that, in addition, the 
shape operator of S is everywhere bounded below by eld in the weak sense, for 
some e > 0. 

Remark: In fact, we don't need the result for 9 = {n — 1)tt/2. 

Remark: The hypotheses of this proposition are satisfied when the norm of the second 
fundamental form of H is small with respect to that of S and the normal of S is sufiiciently 
bounded away from TH along F. Explicitely, if the second fundamental form of S is greater 
than eld in the weak sense, if the norm of the second fundamental form of H is boimded 
above by 5, and if the angle between the normal to E and TH is bounded below by 9 along 
r, then the hypotheses are satisfied provided that: 

esin(^) - 5 > 0. 

Sketch of proof: We use the continuity method, which reduces to showing openness and 
closedness of a certain interval, from which existence is deduced by connectedness. In [9], 
openness is shown by proving that the linearisation of the special-Lagrangian curvature 
operator is always invertible, which follows from the stronger hypotheses used there by 
Lemma 7.5 of [8]. In our case, the hypotheses on the curvature of the ambient mani- 
fold and the special Lagrangian curvature of the immersed hypersurface are weaker, but 
openness may still be obtained (generically) , using the differential topological argument 
discussed (in the case of Gaussian curvature) in Section 11 of [11]. This approach requires 
a strengthening of the compactness result (used to prove closedness) to treat the case of 
hypersurfaces of prescribed (non-constant) curvature. This strengthening is required any- 
way to obtain the existence result in the generality given here, and is obtained by a fairly 
trivial adaptation of the reasoning presented in Sections 3.1 to 3.6 of [9] used there to 
prove compactness in the case of hypersurfaces of constant special Lagrangian curvature. 
This completes the proof. □ 
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8 - The Plateau Problem. 

Let M"+i be a Hadamard manifold. Choose 9 e [{n - l)n /2,mv/2[. Let (iV", ^iV'^) be 
a locally convex immersed hypersurface in M. Let (p : M ^]0, oo[ be a strictly positive, 
smooth function such that, for all p & N: 

Re{N){p) ^ cf>{p), 

in the weak sense. 

Proof of Theorem 1.1: We first consider the case where 9 > {n — l)7r/2. By Lemma 2.2 
of [9], there therefore exists k > such that, if A^' is a smooth, locally convex immersed 
hypersurface, and if A is the shape operator of N', then: 

A ^ kReiN'). 

Now let (A^, dN) be an n-dimensional, locally convex immersed hypersurface in M and 
suppose that, for all p E N: 

Re{N){p)^4>{p). 

in the weak sense. Let p G be an interior point. Let Np be a supporting normal to N 
at p. By Lemma 4.7 of [9], we may suppose that there exists ry > such that, if is any 
other supporting normal to N at p, then: 

Choose e > such that e < kR0{N), and let H he a, smooth, strictly convex hypersurface 
passing through p such that: 

(i) the outward pointing unit normal to if at p coincides with Np; and 

(ii) the norm of the shape operator of H is always less than e. 

We extend H to a foliation {Ht)te]-5,6[ of a neighbourhood of p such that norm of the 
shape operator of each leaf of the foliation is always less than e. For all sufficiently small 
t < 0, let be the connected component of N lying above and containing p. For e 
sufficiently small, there exists to < 0, and, for all t E]to, 0[, an open subset Q Ht such 
that Nt is a graph over fi^. Moreover, by reducing e further if necessary, for all t e]to) 0[, 
Ht and Nt satisfy the hypotheses of Proposition 7.1. There thus exists, for all such t, a 
smooth, locally convex immersed hypersurface N[ lying between Ht and Nt such that, for 
aU peN[: 

Re{K){p) = m- 

Let N' be the locally convex immersed hypersurface obtained by replacing Nt^^ with N^.^. 
For all p E N' lying in the complement of dN\.^ : 

Re{N'){p)^<j>{p), 
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in the weak sense. By deforming slightly, we may suppose that Nj.^ is smooth up to the 
boundary. By Lemma 2.4 of [9], since Rg is a concave function, it follows that Rg{N'){p) ^ 
4>{p) in the weak sense also for all p G dN[^^, and therefore over the whole of A^'. We observe 
finally that N' is trivially bounded by N , and we call N' a Perron Regularisation of 
height tQ of N about p. 

Let J-" denote the family of all locally strictly convex, immersed hypersurfaces that may 
be obtained from A?" by a finite number of iterations of the Perron Regularisation process. 
For all N E J-', let Vol(iV) be the volume of A^. Vol defines a continuous function from J-" 
into [0,00 [. Observe that, by convexity, and since the ambient manifold is non-positively 
curved. Perron Regularisation always reduces volume. Define Vq by: 

Vo = Inf {Yo\(N) s.t. N eJ^}. 

Let (iV„)n6N e ^ be such that: 

By Lemma 6.1, {Nn)neN subconverges to a locally strictly convex C^'^ immersed hyper- 
surface, A^o such that: 

Vol(Aro) = Vq. 

We aim to show that A^o is smooth away from the boundary, and at every point p E Nq: 

Re{No){p) = cl>{p). 

Choose po e A'o- For all n, choose Pn G such that (pn)neN converges to pq. Since A'o is 
locally strictly convex, and since (A^n)neN converges to A^O) there exists to < 0, and, for all 
n e N, a Perron Regularisation of height to of A^^ about Pn- For all n, AT^ is bounded 
by Nn and Vol(A^^) ^ Vol(A^^). By Lemma 6.1, (A^^)^^^ subconverges to a locally convex 
immersed hypersurface, A'q, say. By continuity, Vol(A'o) ^ Vol(A^o)- Moreover, by Lemma 
3.1, A'o is bounded by A'o- However, by definition of Vq: 

Vol(Ar^) ^Vo = Vo\{No). 

Consequently Vol(A'o) — Vo^A'o), and since Nq is bounded by A'o, the two hypersurfaces 
must coincide. For all n, choose p'^ G A^^ such that (p^)neN converges to po- For all r > 
and for all n G NU{0}, let B'^(p'^) be the ball of radius r (with respect to the intrinsic 
distance) about p'^ in A^^. Choose ro < \to\. For all n, A^^ is smooth over the ball of radius 
ro about p'^, and for all p G B'^^{p'^): 

ReiK)ip) = cf>ip). 

Taking limits, it follows by Theorem 1.4 of [7] that Nq = No is also smooth over the ball 
of radius r about po, and that, for all p G Br{po)- 

Re{No){p) = m- 
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Since po e A^o is arbitrary, the result now follows for the case where 9 > {n — l)7r/2. 

Now suppose that 6 = {n — l)7r/2. Let (5n)neN > be a sequence converging to 0, let 
(^n)neN > {n — l)7r/n be a sequence converging to 6 and, for all n e N, let Nn a locally 
strictly convex hypersurface with smooth interior such that dNn = T and, for every interior 
point p e Nn'. 

This is possible, since the shape operator of N is everywhere bounded below by eld in the 
weak sense, for some e > 0. 

For e > and n G N, let N^^^ be the set of all points in A^^ whose (intrinsic) distance from 
dNji is at most e. By Lemma 5.1 of [11], there exists e > such that A^e.n subconverges 
to a locally strictly convex hypersurface, A^e,o, say. Choose r > and for all n G N, let 
Pn G Nn be a point whose (intrinsic) distance from dNn is at least r and let Bn,r{Pn) be 
the (intrinsic) ball of radius r about pn- By Theorem 1.4 of [7], {Bn,r{Pn))n€K converges 
either to a smooth immersed hypersurface or to a geodesic segment of length r. 

For all n, since Nn is bounded by N, N is (more or less) a graph over A^„, and there exists 
a canonical projection tt^ : iV — )■ Nn (see Section 3 of [11] for details). For all n, 7Tn is 
1-Lipschitz and coincides with the identity along dN = dNn- Thus, by the Arzela-Ascoli 
Theorem, we may assume that there exists ttq : N ^ M towards which {nn)nefi converges. 
The set of allp E N where {Bn,r{'^nip)))nen converges to a smooth immersed hypersurface 
is open, likewise so is the set where it converges towards a geodesic segment. Since A^e is 
contained in the former of the two, it follows that this subset is non-trivial, and thus, by 
connectedness, coincides with the whole of A^. Thus every such limit is a smooth immersed 
hypersurface, and we deduce, as before, that there exists a convex immersed hypersurface 
A^o towards which (A^n)neN subconverges. Moreover, by Theorem 1.4 of [7], A'o is smooth 
away from the boundary, and for every interior point p G ATg: 

Re{No){p) = cf>{p). 

This completes the proof. □ 
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